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Heat Transfer Analysis on a Moving Flat Sheet
Emerging into Quiescent Fluid

F. Méndez¤ and C. Treviño†

Universidád Nacional Autonoma de Mexico, 04510 Mexico, D. F., Mexico

The conjugated heat conduction process of a continuously moving � at sheet emerging from a slot or ori� ce in
contact with a quiescent � uid is analyzed. Because of the � nite thermal conductivity of the sheet, longitudinal and
transverse temperature gradients arise within it and, thus, change the mathematicalcharacter of the problem from
parabolic to elliptic. The momentum and energy balance equations are reduced to a nonlinear system of partial
differential equationswith three parameters: the Prandtl number Pr, a nondimensionalsheet thermal conductance
¯, and a suitable Peclet number Pe. The limits ¯ ¿ ¿ 1 and ¯ Pe2 ¿ ¿ 1 are identi� ed as the most relevant from a
practical point of view. In this case, the problem is governed by an universal integral equation to obtain the spatial
evolution of the sheet temperature as a function of the nondimensional longitudinal coordinate.

Nomenclature
cs = speci� c heat of the sheet material
f = nondimensionalstream function introduced in Eq. (13)
h = half-thicknessof the sheet
L = cooling distance of the sheet
L¤ = thermal penetration length, ®s=U
Nu = Nusselt number de� ned in Eq. (9)
Pe = Peclet number de� ned by hU=®s

Pr = Prandtl number of the cooling � uid
Re = Reynolds number, ½ f U=º f

T f = temperature of the cooling � uid
Ts = temperature of the sheet
T0 = initial temperature of the sheet
T1 = temperature of the sheet at the exit
T1 = temperature of the cooling � uid far from the sheet
U = velocity of the sheet
u; v = nondimensional longitudinaland transversal

velocities de� ned in Eq. (13)
x; y = Cartesian coordinates
z = nondimensional transversal coordinate

of the plate de� ned by y=h
® f = thermal diffusivity of the cooling � uid
®s = thermal diffusivity of the sheet material
¯ = longitudinal heat conduction parameter

de� ned in Eq. (5)
± = thickness of the thermal boundary layer
³ = nondimensional inner coordinatede� ned by ¯Â
´ = nondimensional transversal coordinate for the cooling

� uid de� ned in Eq. (13)
µ = nondimensional temperature of the cooling � uid
µs = nondimensional temperature in the sheet
¸ f = thermal conductivityof the cooling � uid
¸s = thermal conductivityof the sheet material
º f = kinematic coef� cient of viscosity of the cooling � uid
½s = density of the sheet material
Â = nondimensional longitudinalcoordinate

de� ned by x=L¤
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Subscripts

f = cooling � uid
s = sheet

I. Introduction

T HE conjugatedheat transfer processwith a boundary-layerbe-
havior on a moving continuoussolid surface througha speci� c

medium is an important mechanism that occurs frequently in many
branches of engineering applications. In fact, technological exam-
ples of such physical situations can be found in petroleum drilling,
glass and paper production, extrusion of a polymeric or complex
metal sheet, drawing of thin plastic � lms, among others. In all of
these studies, the heat transfer rates play a fundamental role to con-
trol the � nal quality of the � nal products. We give special attention
to isolating the conjugate heat transfer analysis due to the large
number of extended physicalparameters. The conjugate problem is
described by the thermal interaction between the moving sheet and
the adjacentthermal boundarylayerof the � uid.When thiscondition
is introduced, it is then necessary to consider nonisothermal condi-
tions in the sheet to have an adequate description of the involved
phenomena. In well-recognizedworks, the specializedliterature for
moving sheets with thermal boundary-layerprocesseshas paid con-
siderable attention for the classical schemes for isothermal condi-
tions reported in the past. Since the pioneering papers of Sakiadis1

and Chida and Kato,2 simpli� cations using similaritysolutionshave
been reexamined during the past decades to improve understanding
about this process. We mention Ali3 and Grubka and Bobba,4 who,
among others,have representativestudies of these schemes. In these
analyses, the thermal conditions frequently are modeled by differ-
ent power-law variations of the temperature or � ux distribution for
the sheet. (The isothermalmoving continuoussurface is understood
here as a particular case of power laws.) A recent work by Magyari
and Keller5 summarizes the state of the art of several physical con-
� gurations and identi� es similarity solutions to describe the steady
boundary layers on an exponentially stretching continuous surface
with an exponentially temperature distribution.Similar studies, us-
ing moving plates embedded in porous medium, have been recently
developed. In the past, the works of Elbashbeshy and Bazid6 and
Vafai and Tien7 have received special mention.

Although the foregoing works are essential contributions, they
are only reserved for cases with prescribed thermal boundary con-
ditions. However, we emphasize that this situation is only valid for
very idealized cases. This was recognized by Char et al.8 in their
numerical study of the laminar conjugate forced convection from
a continuous moving sheet. Here, the thermal boundary-layer � ow
is coupled with the longitudinal heat conduction within the sheet.
They mainly concluded that, for a given � uid, a decrease in the
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thermal conductivityof the moving plate results in a decrease in the
temperature in the axial direction of the sheet.

In an effort to extend new solutions, where nonisothermal con-
ditions are required, in this work we analyze practically the same
conjugate laminar con� guration reported by Char et al.8 However,
in the presentmodel we consider two basic modi� cations:The tem-
perature of the ori� ce or slot is not known a priori, and the charac-
teristic lengths of the physical model are properly de� ned to avoid
erroneous interpretations with the systematic use of dimensional-
ized variables.The heat � ux from the sheet to the � uid is in� uenced
strongly by the presence of the extended moving surface with � -
nite thermal conductivity,when the longitudinaland transverseheat
transferconductioneffectsare taken into account.This thermal cou-
pling between the horizontalmoving sheet and the � uid phaseoffers
a new theoretical extension to the fundamental previous works in
laminar heat transfer with moving surfaces. In this work, using the
boundary-layer approach for the stagnant � uid � ow, we show that
the longitudinal and transversal heat conduction through the plate
depends mainly on three nondimensional parameters: the Prandtl
number Pr, the parameter ¯, which takes into account the in� uence
of the longitudinal heat conduction along the sheet, and the Peclet
number Pe associatedwith the thermal diffusivityof the sheetmate-
rial. In the majority of practical cases, the values of ¯ are very small
compared with unity. The in� uence of the Peclet number has seri-
ous consequencesover the transverse and longitudinalheat transfer
rates of the sheet. We anticipate that the ratio ¯ Pe2 ¿ 1 is the rele-
vant limit with ¯ ¿ 1, and we identify it as the thermally thin-sheet
limit.

II. Formulation and Order of Magnitude Analysis
The physical model under study is shown in Fig. 1. A thin, hor-

izontal plate or sheet of thickness 2h with uniform velocity U is
continuously emerging from a slot and moving from left to right
toward the semi-in� nite stagnant environment of a cooling � uid of
temperatureT1 . The thermal in� uenceof the � uid is to modifydras-
tically the longitudinal and transverse heat transfer rates along the
sheet. Far away from the slot to the left, the temperatureof the sheet
is uniform, Ts D T0, which is assumed to be larger than T1 . The ori-
gin of the adopted coordinate axes is stationary and is located just
at the slot. The y axis points out in the direction normal to the upper
surface of the sheet .y D 0/, and the longitudinalx axis pointsout in
the direction of the motion of the thin sheet. In the region x · 0, the
moving sheet is surrounding by an adiabatic rigid enclosure. The
heat � ux along the sheet exists even before the plate emerges from
the slot. The thermal penetration length to the left must be of order
L¤ » ®s=U , where ®s is the thermal diffusivity of the sheet. As the
sheet enters into contact with the cooling � uid at x D 0, because of
the assumed � nite thermal conductivity of the sheet material, the
heat conductionin both the transverse and longitudinaldirections is
important because of the strong thermal in� uence of the convective
environment.The sheet reaches theambient temperatureat valuesof
x » L , where L is a characteristic length in the horizontal direction
to be obtained through the analysis. Because of the symmetry of
the physical model, we consider only the upper side of the moving
sheet.

When a global energy balance is applied for x ¸ 0, the thermal
energy transferredfrom the moving sheet is convectedto thecooling
� uid. Using an order of magnitudeestimate, this relationshipcan be

Fig. 1 Schematic diagram of the physical model investigated.

written as

½scshU.T1 ¡ T1/ » ¸ f L.T1 ¡ T1/=± (1)

where T1 is the characteristic temperature at the slot position, to be
determined later, and ± is the thickness of the thermal layer in the
cooling � uid. For large values of Reynolds number, Re D U L=º f ,
the thickness of the thermal boundary layer is given as

± » L=.Pr Re/
1
2 (2)

where Pr D º f =® f and ® f D ¸ f =½ f c f . Here, ½ f and c f are the den-
sity and the speci� c heat of the � uid, respectively. Combining re-
lationships (1) and (2), we obtain the order of magnitude for the
characteristic length L as

L » h Pe.® f =®s /.¸s=¸ f /
2 (3)

where Pe D Uh=®s D h=L¤. As a consequenceof this scale analysis,
it is also signi� cant to estimate the order of magnitude of the char-
acteristic temperature drop in the transverse direction of the sheet
1Tsh. The order of magnitudeof the heat � ux through the thin sheet
up to the cooling � uid can be written as

¸s .1Tsh=h/ » ¸ f .1T f =±/ » ¸ f .1T f =L/.Re Pr/
1
2 (4)

where1T f is thecharacteristictemperaturedifferencein thecooling
� uid. Then, 1T f C 1Tsh » T1 ¡ T1. Therefore,

4Tsh »
T1 ¡ T1

1 C ¯.L=h/2
; ¯ D 1

¼

¸s

¸ f

h

L

1

.Pr Re/
1
2

D 1

¼

L¤

L
(5)

where the nondimensional parameter ¯ measures the effect of
the longitudinal heat conduction in the process. For values of
¯L2=h2 » 1=.¯ Pe2/ À 1, the temperature variations in the trans-
verse direction of the sheet are very small compared with the over-
all temperature difference T1 ¡ T1 , 4Tsh ¿ T1 ¡ T1 . This regime
corresponds to the thermally thin regime. Using the continuity of
the temperature and its gradient at x D 0, we obtain

.T0 ¡ T1/=L¤ » .T1 ¡ T1/=L (6)

then the temperatureof the sheet at x D 0 is given approximatelyby

T1 »
T0 C ¯T1

1 C ¯
(7)

For very small values of ¯ compared with unity, the temperature of
the sheet at the slot is very close to the initial temperature of the
sheet, and the cooling rate is dictated mainly from the interaction
with the cooling � uid. On the other hand, for very large values of
¯ compared with unity, the temperature at the slot is close to the
temperature of the cooling � uid, and the heat transfer process takes
place mainly along the sheet to the left of the slot position.

The heat transfer rate due to the cooling processcan then be writ-
ten as

q D ¡¸w

@T

@x

­­­­
x D 0

» ¸w.T0 ¡ T1/

L¤

¯

1 C ¯
(8)

or in nondimensional form

Nu D
q L¤

¸w.T0 ¡ T1/
» ¯

1 C ¯
(9)

For small valuesof ¯ comparedwith unity, but still much larger then
.h=L/2 , that is, ¯Pe2 ¿ 1, the temperature in the sheet is mainly a
function of the longitudinalcoordinate (thermally thin regime), and
the temperature at the slot position is close to T0, as already men-
tioned. The longitudinal heat conduction along the sheet is weak,
and the heat transfer process is driven by convectionby the moving
sheet. We anticipate that, for practical applications, the values of ¯
are always very low, of the order ¯ » 10¡6 , together with values of
Peclet number Pe of the order unity. Therefore, the parameter ¯Pe2

is still very small comparedwith unity, and it has a large in� uence in
modulating the conjugate heat transfer process. From relationships
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(3) and (5), we obtain that ¯Pe2 is independent of the sheet veloc-
ity and depends mainly on the transport coef� cients of the sheet
material and the cooling � uid as

¯ Pe2 » ®s=® f .¸ f =¸s/
2 (10)

The order of magnitude for the Reynolds number is then given by

Re D U L=º f » .1=¯/®s=º f (11)

which is very large compared with unity for very small values of ¯,
thus justifying the boundary-layerapproximation.

III. Governing Equations
When the following nondimensionalvariables for the sheet

µs D .Ts ¡ T1/=.T1 ¡ T1/; Â D x=L¤; z D y=h (12)

and for the convective � ow

´ D
y
p

Re¤
p

L¤ x
; u D U

d f

d´
; v D

U
p

L¤
p

Re¤x

1

2

³
´

d f

d´
¡ f

´

µ D
T ¡ T1

T1 ¡ T1
(13)

are introduced, the energy equation for the sheet can be written as

d2µs

dÂ 2
D

dµs

dÂ
for Â · 0 (14)

@2µs

@Â 2
C 1

Pe2

@2µs

@z2
D @µs

@Â
for Â ¸ 0 (15)

The boundary conditions are

µs .Â ! ¡1/ D µ0; µs.Â ! C1; z/ ! 0 (16)

together with

µs jÂ D 0C ¡ 1 D µs jÂ D 0¡ ¡ 1 D dµs

dÂ

­­­­
Â D 0¡

¡ @µs

@Â

­­­­
Â D 0C

D @µs

@z

­­­­
z D ¡1

D 0 (17)

and suitable boundary conditions to satisfy the continuities of the
temperature and heat � ux between the external surface of the sheet
and the � uid, to be given subsequently. In the preceding equations
Â D 0C.¡/ is the longitudinal coordinate evaluated from the right-
or left-hand side of the slot. Re¤ is the Reynolds number de� ned
with the charachteristic penetration length as Re¤ D U L¤=º f . The
correspondingmomentum and energy equations for the � uid, using
the boundary-layerapproximation,are given by

d3 f

d´3
C 1

2
f

d2 f

d´2
D 0 (18)

1
Pr

@2µ

@´2
C 1

2
f

@2µ

@´2
D Â

d f

d´

@µ

@Â
(19)

with the boundary conditions

µ .Â; 0/ ¡ µs.Â; 0/ D f .0/ D d f

d´

­­­­́
D 0

¡ 1 D 0

at z D ´ D 0 (20)

@µs

@z

­­­­
z D 0

D Pe
¸ f

¸s

³
®s

º f

´ 1
2 1

p
Â

@µ

@´

­­­­́
D 0

(21)

d f

d´
D µ D 0 at ´ ! 1 (22)

Note that Eq. (18) subject to the boundary conditions (20) and (22)
also describesthe free convectionboundarylayerover an isothermal
vertical � at plate embedded in a � uid-saturated porous medium,
studied by Cheng and Minkowycz.9

The solution of problem (15–22) should provide

µs D µs.¯; Pe; Pr; Â; z/

System(14–22) can be easilysimpli� ed by solvingEq. (14) together
with Eqs. (16) and (17), giving

µs D µ0 C .1 ¡ µ0/ exp.Â/ for Â · 0 (23)

Using this solution,togetherwith relationship(17) for the continuity
condition of the heat � ux at Â D 0; we obtain a simple expression
to evaluate T1:

T1 D
T0 ¡ T1.@µs=@Â/jÂ D 0

1 ¡ .@µs=@Â/jÂ D 0

(24)

Thus, from the solution of the system of equations (15) and (17),
we can compute, among other relevant quantities, the longitudinal
heat � ux at Â D 0C, which in nondimensional form is given by

Nu D
q L¤

¸w .T0 ¡ T1/
D

¡@µs=@Â jÂ D 0

1 ¡ @µs =@Â jÂ D 0

(25)

Hereinafter we obtain the numerical and asymptotic solutions
according to the assumed values of ¯.

IV. Thermally Thin Wall Regime (¯ Pe2 ¿ ¿ 1)
In the thermally thin-wall regime, the temperature in the sheet de-

pendsprimarilyon the longitudinalcoordinateµs.Â/. The system of
equations (15–17), together with Eq. (24) was nondimensionalized
using the characteristiclength L¤. This characteristiclengthappears
directly in a � rst approximation as a natural choice. However, the
foregoing system is not properly normalized to take into account
the convective heat transfer to the cooling � uid. For this part of the
system, Â ¸ 0, it is preferable to scale the longitudinal coordinate
with L instead of L¤. We then introduce a new nondimensional co-
ordinate ³ D ¯Â » O.1/. Inasmuch as the energy equation for the
sheet (15) can be integrated through the transverse coordinate,after
applying the boundary conditions (17) and (21), we obtain

¯
d2µs

d³ 2
D dµs

d³
¡

r
¼

Pr³

@µ

@´

­­­­́
D 0

(26)

together with the nondimensionalboundary conditions

µs.0/ D 1; µs .³ ! 1/ ! 0

The energy equation for the cooling � uid, Eq. (19), transforms to

1
Pr

@2µ

@´2
C 1

2
f

@µ

@´
D ³

d f

d´

@µ

@³
(27)

whereas the nondimensional boundary conditions associated with
the � uid governing equations are given by

µ.³; ´/ ¡ µs.³ / D f D d f

d´
¡ 1 D 0 at ´ D 0 (28)

d f

d´
D µ.³; ´/ D 0 for ´ ! 1 (29)

The system of equations (27–29) can be solved through the use of
Lighthill’s integral technique,10 where the nondimensional temper-
ature gradient at the surface of the sheet can be written as a function
of the nondimensionaltemperaturepro� le upstream of that position
as

@µ

@´

­­­­́
D 0

D ¡

r
Pr

¼

µ Z
³

0

1

.1 ¡ t=³ /
1
2

dµs

dt
dt C 1

¶
(30)
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Therefore, Eq. (26) now takes the form

¯
d2µs

d³ 2
D dµs

d³
C 1

p
³

"

1 C
Z ³

0

³
1 ¡

t

³

´¡ 1
2 dµs

dt
dt

#
(31)

which has to be solved with the boundary conditions µs.0/ D 1 and
µs.1/ ! 0. The problem now reduces to solving a single integro–

differential equation (31) for µs with only one parameter ¯. For
very small values of ¯, which is very important from a practical
point of view, the problem can be solved using the boundary-layer
approximation. Close to the slot, in a region of order ³ » ¯ , the
inner equation, where the longitudinal heat conduction along the
sheet must be retained, takes the form

d2’

d¾ 2
D d’

d¾
¡ 1

p
¾

"
1 C ¯

1
2

Z
¾

0

³
1 ¡

t

¾

´¡ 1
2 d’

dt
dt

#
(32)

where

’.¾ / D .1 ¡ µs/
¯

¯
1
2 with ¾ D ³=¯ (33)

The solution, to leading order, is given by

’.¾ / D 2¾
1
2 ¡

p
¼ C

p
¼ erfc

¡
¾

1
2
¢
e¾ (34)

with the asymptotic behaviors

’.¾ / »
p

¼¾ ¡ 4
3 ¾

3
2 C 1

2

p
¼¾ 2 ¡ 8

15 ¾
5
2 C O.¾ 3/

for ¾ ! 0 (35)

’.¾ / » 2¾
1
2 ¡

p
¼ C ¾ ¡ 1

2 for ¾ ! 1 (36)

The nondimensional temperature gradient at ³ D 0 is then given by

dµs

d³

­­­­
³ D 0

D ¡
r

¼

¯
for ¯ ! 0 (37)

Outside of the inner layer, the solution to the outer equation, given
by Eq. (31) with ¯ D 0, can be written for small values of ³ as

µ .o/
s D 1 ¡ 2³

1
2 C ¼³ ¡ 4

3 ¼³
3
2 C 1

2 ¼ 2³ 2 C O
¡
³

5
2
¢

(38)

Figure 2 shows the leading solution of the outer region represented
by Eq. (31) with ¯ D 0. For values of ³ > 4, the temperature of the
sheet practically reaches the temperature of the cooling � uid, T1.
On the other hand, for large values of ¯ , it can easily be shown that

dµs

d³

­­­­
³ D 0

D ¡
1:2034

¯
2
3

for ¯ ! 1 (39)

Figure 3 shows the nondimensionaltemperature gradient as a func-
tion of ¯ , obtained from the numerical calculation of Eq. (31). It is
clear from Fig. 3 that the leading-orderasymptotic solution is valid
for values of ¯ . 10¡3.

The numerically computed nondimensional heat � ux at the slot
is shown in Fig. 4, using the thermally thin-wall regime. We also
present in Fig. 4 the asymptotic limits for very small and very large
values of ¯ compared with unity, which are given by

Nu D
¡¯ dµs=d³ j³ D 0

1 ¡ ¯ dµs=d³ j³ D 0

’

8
>>><

>>>:

p
¼¯

1 C
p

¼¯
¯ ! 0

1:2034¯
1
3

1 C 1:2034¯
1
3

¯ À 1

9
>>>=

>>>;
(40)

Fig. 2 Thermal structure of the outer region, obtained numerically
from Eq. (31) with ¯ = 0.

Fig. 3 Nondimensional temperature gradient in the moving sheet at
³ = 0, for different values of ¯, and asymptotic behaviors for small and
large values of ¯ compared with unity.

Fig. 4 Nusselt number for different values of ¯ and asymptoticbehav-
iors for small and large values of ¯ compared with unity.

V. Results
Equation (31) has been numerically integrated using a conven-

tional fourth-order Runge–Kutta technique by transforming the
boundary value to an initial value problem.11;12 The unknown tem-
perature at the slot, T1, can be easily obtained from Eq. (24).
In Fig. 5, we show the normalized nondimensional temperature
.Ts ¡ T1/=.T0 ¡ T1/ for three values of the nondimensional pa-
rameter ¯ D 0:1, 1, and 10, as a function of the nondimensional
longitudinalcoordinateÂ scaled with L¤. As predicted by the order
of magnitudeanalysis, for decreasingvalues of the parameter¯ , the
nondimensional temperature tends to reach an uniform asymptotic
value of .Ts ¡ T1/=.T0 ¡ T1/ » 1, which is equivalent to imposing
an uniform sheet temperature. In this case, the conjugateheat trans-
fer problem is practicallyattenuated,and we recover the solutionof
Sakiadis.1 Otherwise,for increasingvaluesof¯ , thenondimensional
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Fig. 5 Normalized temperature in the moving sheet as a function of
the nondimensionallongitudinalcoordinateÂ = x/L¤ , for three different
values of ¯.

Fig. 6 Nondimensional parameters Re, Pe, ¯, and ¯Pe2 and charac-
teristic thermal lengths, L and L¤ , for a steel sheet cooled in water as a
function of the sheet velocity with h = 0:005 m.

temperature.Ts ¡ T1/=.T0 ¡ T1/ appears to be similar to the Heav-
iside unit step function, that is, for x · 0; the temperature is not
substantiallymodi� ed by the value T0. However, as x > 0, the tem-
perature .Ts ¡ T1/=.T0 ¡ T1/ is drasticallymodi� ed by this value,
and particularly,Ts reaches the asymptoticvalue of Ts » T1. In this
latter case, the sheet temperature easily is found in thermodynamic
equilibrium with the stagnant medium. Here, a strong and sudden
heat transfer process between the sheet and the � uid is carried out
for distances very close to the ori� ce. Note that for the ¯ D 1 case,
.Ts ¡ T1/=.T0 ¡ T1/ is close to 0.5 at ³ D 0, the point where the
heat transfer rate is abruptlyinverteddue to the coolingprocesswith
the stagnant � uid.

To clarify the roles of the nondimensionalparameters and to jus-
tify the assumptions made in the analysis, we did a numerical ex-
ample of a steel moving sheet emerging in a water tank, using two
different sheet thickness. Figures 6 and 7 show the resulting values
of the important nondimensionalparameters Re; Pe; ¯ , and ¯Pe2 as
a functionof the sheet velocity,up to 0.1m/s. The characteristicther-
mal lengths L and L¤ are also plotted in Figs. 6 and 7. The Reynolds
numbers are always very large compared with unity, which justi� es
the use of the boundary-layerapproximation,except for very small
values of the sheet velocity, as shown in Figs. 6 and 7. As we men-
tioned earlier, the Peclet number is of the order unity in the cases
analyzed. The corresponding values of ¯ are also very small com-
pared with unity, showing that the longitudinalheat conduction has
to be retained in a thin zone close to the slot position. The asymp-
totic formulas for the temperatureand heat � ux obtained in the limit
of ¯ ! 0 applied in these cases. The values of ¯Pe2 are always very
small compared with unity and do not depend on the sheet velocity,
as can be shown easily. Therefore, the thermally thin-sheet regime
clearly applies to these cases. In addition, a relevant parameter in
this type of cooling processes is represented by the characteristic

Fig. 7 Nondimensional parameters Re, Pe, ¯, and ¯Pe2 and charac-
teristic thermal lengths, L and L¤ , for a steel sheet cooled in water as a
function of the sheet velocity with h = 0:001 m.

cooling time, which has a strong in� uence on a potential thermal
shock. In our physical model, this characteristic time is of order

tc » ®s

¯
U 2[.1 C ¯/=¯] (41)

which for very small values of ¯ compared with unity is given by

tc »
¡
h2

¯
®s

¢
® f =®s .¸s=¸ f /

2 (42)

which is also independent of the sheet velocity.

VI. Conclusions
In this paper we have studied both analytically and numerically

the conjugated heat transfer of a convective cooling of a moving
sheet. The sheet, initially at a temperature T0 , is moving with a uni-
form velocity toward a bath of cooling � uid at temperature T1 . The
temperature evolution of the sheet has been obtained, and the main
nondimensional parameters have been identi� ed. We have shown
that to analyze properly the laminar conjugate forced convection
from a continuousmoving sheet, it is necessary to identify the roles
of the two characteristic thermal lengths, L¤ and L , directly related
to the process. In fact, the parametric in� uence of these lengths is
represented through the use of the nondimensional parameter ¯ ,
which measures the effect of the longitudinalheat conductionalong
the sheet. On the other hand, the parameter ¯Pe2 controls the ap-
propriate thermal regime. In practical situations, the values of ¯ and
Peclet number Pe are ¯ »10¡6 and Pe »1, and, therefore, the limit
¯Pe2 ¿ 1 appears to be themost relevantcase andcorrespondsto the
thermally thin-sheet regime. Thus, in a � rst approximation,the tem-
perature variations in the transverse direction of the sheet are very
small comparedwith the overalltemperaturedifferenceT1 ¡ T1 and
its dependence with the transverse coordinate can be neglected. In
this regime, the conjugate heat transfer problem is reduced to solv-
ing a single integro-differential equation (31) for the temperature
of the moving sheet, with a single free parameter corresponding to
¯ . The limiting regime of a thermally thin sheet has been studied
in this work, assuming a large value of the Reynolds number com-
pared with unity.For largevalues of ¯ comparedwith unity, the heat
transfer process takes place mainly inside the adiabatic enclosure,
and the corresponding temperature of the sheet material at the exit
of the slot is close to the � uid temperature. On the other hand, for
very small values of ¯ compared with unity, which is of practical
interest, the heat transfer process takes place after reaching the exit
position, where the temperature of the sheet is close to the initial
temperature T0 .
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